We give an alternative proof to Agol's classification of parabolic generating pairs of non-free Kleinian groups generated by two parabolic transformations. As an application, we give a complete characterisation of epimorphims between 2-bridge knot groups.
Introduction
In [1, Theorem 4.3] , Adams proved that a torsion free Kleinian group of cofinite volume is generated by two parabolic transformations if and only if the quotient hyperbolic manifold is homeomorphic to the complement of a 2-bridge link which is not a torus link. This refines the result of Boileau and Zimmermann [13, Corollary 3.3 ] that a link in S 3 is a 2-bridge link if and only if its link group is generated by two meridians.
In 2002, Agol [3] announced the following classification theorem of non-free Kleinian groups generated by two parabolic transformations, which generalises Adams' result. Theorem 1.1. A non-free Kleinian group Γ is generated by two non-commuting parabolic elements if and only if one of the following holds.
(1) Γ is conjugate to the hyperbolic 2-bridge link group, G(r) ∼ = π 1 (S 3 − K(r)), for some rational number r = q/p, where p and q are relatively prime integers such that q ≡ ±1 (mod p). (2) Γ is conjugate to the Heckoid group, G(r; n), for some r ∈ Q and some n ∈ 1 2 N ≥3 . Adams also proved that each hyperbolic 2-bridge link groups has only finitely many distinct parabolic generating pairs up to equivalence [1, Corollary 4.1] and moreover that the figure-eight knot group has precisely two such pairs up to equivalence [1, Corollary 4.6] . Here, a parabolic generating pair of a non-elementary 2010 Mathematics Subject Classification. Primary 57M50, Secondary 57M25 The second author was supported by Basic Science Research Program through the National Research Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technology(2017R1D1A1B03029904). The fourth author was supported by JSPS Grants-in-Aid 15H03620. Figure 1 . The black graphs illustrate weighted graphs representing 2-bridge links and Heckoid orbifolds, where the thick edges with weight ∞ correspond to parabolic loci and thin edges with integral weights represent the singular set. The red thin graphs represent the parabolic generating pairs of the hyperbolic 2-bridge link groups and the Heckoid groups.
Kleinian group Γ is an unordered pair of two parabolic transformations that generate Γ. Two parabolic generating pairs {α, β} and {α , β } of Γ are said to be equivalent if {α , β } is equal to {α 1 , β 2 } for some 1 , 2 ∈ {±1} up to simultaneous conjugation.
Agol [3] also announced the following theorem, which generalises the above results of Adams. (See Figure 1 for intuitive description and Section 2 for precise description.) Theorem 1.2. (1) Every hyperbolic 2-bridge link group G(r) has precisely two parabolic generating pairs up to equivalence.
(2) Every Heckoid group G(r; n) has a unique parabolic generating pair up to equivalence.
In the last author's joint paper [5] with Hirotaka Akiyoshi, Ken'ichi Ohshika, John Parker, and Han Yoshida, a full proof to Theorem 1.1 was given. The main purpose of this companion paper of [5] is to give an alternative 'homological' proof to Theorem 1.2. As an application, we give a complete characterisation of epimorphims between 2-bridge knot groups (Theorem 8.1). This application has been already used in [25, 41, 42] . We apologise the delay in writing up the result.
In the preceding paper [31] by the second and last authors, a proof to this result for the genus-one 2-bridge knot groups was given by using the small cancellation theory. In the first author's master thesis [4] supervised by the last author, a proof to the result for all hyperbolic 2-bridge knots was given by using the Alexander invariants. In this paper, we give a simple proof for all hyperbolic 2-bridge link groups and for all Heckoid groups, by using the homology of the double branched coverings.
It should be noted that the parabolicity of the generating pairs is essential in Theorem 1.2. In fact, Heusener and Porti [24] proved that every hyperbolic knot admits infinitely many generating pairs up to Nielsen equivalence. Moreover, the same conclusion for torus knots, which include the non-hyperbolic 2-bridge knots, had been proved by Zieschang [43] .
Our proof of Theorem 1.2 is based on Boileau's suggestion [8] to use the wellknown fact that, for a parabolic generating pair {α, β} of Γ, there is an order 2 elliptic element h in the normlizer N (Γ) of Γ in Isom + (H 3 ) such that (hαh −1 , hβh −1 ) = (α −1 , β −1 ) (see Propositions 3.1 and 3.2). Since we can determine the isometry groups of the hyperbolic 2-bridge link complements and the Heckoid orbifolds (Propositions 4.1 and 7.2), Boileau's suggestion leads us to a finite list of possible parabolic generating pairs (see Propositions 4.4, 4.5 , and Section 7) . For the hyperbolic 2-bridge link groups, we can exclude all fake parabolic generating pairs through simple calculations on the homology of the double branched coverings (Sections 5 and 6). For the Heckoid groups, we can also do so through a simple argument by using the orbifold theorem and by using natural epimorphisms from Heckoid groups onto the π-orbifold groups of 2-bridge links (Section 7). This is the strategy of our proof of the main Theorem 1.2.
At the end of the introduction, we note that Agol [3] obtained Theorem 1.2(1) as a corollary of the following much stronger theorem. Theorem 1.3. For any hyperbolic 2-bridge link group G(r) and for any meridian pair in G(r) which is not equivalent to the upper nor lower meridian pair, the subgroup of G(r) generated by the meridian pair is a free group.
He proved this theorem through a beautiful ping-pong argument applied to the ideal boundary of the universal covering space of the natural local CAT(0) cubical complex of the 2-bridge link complement, which is constructed from a reduced alternating diagram of the 2-bridge link. This paper is organised as follows. In Section 2, we give a detailed description of Theorem 1.2. In Section 3, we recall Boileau's key suggestion (Proposition 3.1) which relates parabolic generating pairs of hyperbolic 2-bridge links to strong inversions of the links, and present its extension to Heckoid orbifolds (Proposition 3.2). In Section 4, we classify the strong inversions of hyperbolic 2-bridge links and list all possible parabolic generating pairs of the link groups (Propositions 4.4 and 4.5). In Sections 5 and 6, we show that and all possible parabolic generating pairs, except for the upper and lower meridian pairs, are not generating pairs, by using the homology of the double branched coverings (Propositions 5.2 and 6.1). Thus the proof of the first assertion of Theorem 1.2 is completed in this section. In Section 7, we prove the second assertion of Theorem 1.2, after determining the orientation-preserving isometry groups of Heckoid orbifolds (Proposition 7.2) by using [5, Proposition 12.6] . In Section 8, we give a complete characterisation of epimorphims between 2-bridge knot groups (Theorem 8.1) by using the main Theorem 1.2.
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Precise description of Theorem 1.2
We first give a precise description of Theorem 1.2 (1) . For a rational number r = q/p, let K(r) be the 2-bridge link of slope r. Recall that K(r) is hyperbolic if and only if q ≡ ±1 (mod p). When r satisfies this condition, the hyperbolic 2-bridge link group G(r) is defined to be the Kleinian group, which is unique up to conjugation, such that H 3 /G(r) is homeomorphic to S 3 −K(r) as an oriented manifold. Thus G(r) is isomorphic to π 1 (E(K(r))), where E(K(r)) = S 3 − int N (K(r)) is the exterior (the complement of an open regular neighbourhood) of K(r). The Kleinian group G(r) is generated by two parabolic transformations, and it is proved by Adams [1, Theorem 4.3 ] that any parabolic generating pair of G(r) consists of meridians. Here an element of G(r) ∼ = π 1 (E(K(r))) is called a meridian if it is freely homotopic to a meridional loop in ∂E(K(r)), i.e. a simple loop in ∂E(K(r)) that bounds an essential disc in N (K(r)). This implies that any parabolic generating pair {α, β} is represented by an arc properly embedded in E(K(r)), together with a pair of meridional loops on ∂E(K(r)) passing through the endpoints of the arc. (See [31, Section 2] for more detailed explanation.) It is obvious that the meridian pair represented by the upper tunnel τ + (resp. the lower tunnel τ − ) forms a parabolic generating pair of G(r) ∼ = π 1 (E(K(r))), and it is called the upper meridian pair (resp. lower meridian pair) of π 1 (E(K(r))). See Figure 1 (1), where the black bold graph represent a 2-bridge link, and the two red thin graphs represent the upper and lower meridian pairs, respectively. The 'weight' ∞ of the 2-bridge link indicates that we consider the link exterior and that its boundary tori form the parabolic locus of the hyperbolic structure. For precise definitions of 2-bridge links and upper/lower tunnels, please see the companion paper [5, Section 2]. Theorem 1.2(1) says that, for each hyperbolic 2-bridge link group G(r), (i) the upper meridian pair and the lower meridian pair are the only parabolic generating pairs of G(r), and (ii) they are not equivalent.
Next, we give a precise description of Theorem 1.2 (2) . The Heckoid groups were first introduced by Riley [36] as an analogy of the classical Hecke group, and it was reformulated by Lee and Sakuma [30] following Agol [3] as the orbifold fundamental groups of the Heckoid orbifolds illustrated in Figure 1 (2)- (4) . (See [12, 11, 17] for basic terminologies and facts concerning orbifolds.) These figures illustrate weighted graphs (S 3 , Σ, w) whose explicit descriptions are given by Definition 7.1. For each weighted graph (S 3 , Σ, w) in the figure, let (M 0 , P ) be the pair of a compact 3orbifold M 0 and a compact 2-suborbifold P of ∂M 0 determined by the rules described below. Let Σ ∞ be the subgraph of Σ consisting of the edges with weight ∞, and let Σ s be the subgraph of Σ consisting of the edges with integral weight. (a) In Figure 1 (2), P consists of two annuli in ∂M 0 whose cores, respectively, are meridians of the two edges of Σ ∞ . (b) In Figure 1 (3), P consists of an annulus in ∂M 0 whose core is a meridian of the single edge of Σ ∞ . (c) In Figure 1 (4), P consists of two copies of the annular orbifold D 2 (2, 2) (the 2-orbifold with underlying space the disc and with two cone points of index 2) in ∂M 0 each of which is bounded by a meridian of an edge of Σ ∞ .
By [30, Lemmas 6.3 and 6.6], the orbifold pair (M 0 , P ) is a Haken pared orbifold (see [11, Definition 8.3.7] ) and admits a unique complete hyperbolic structure, which is geometrically finite (see [30, Proposition 6.7] , [5, Section 3] ). Namely there is a geometrically finite Kleinian group Γ, unique up to conjugation, such that M = H 3 /Γ is homeomorphic to the interior of the compact orbifold M 0 , such that P represents to the parabolic locus. To be more precise, there are positive constants δ and µ, such that
where C δ (M ) is the closed δ-neighbourhood of the convex core C(M ) of M , and thick µ (C δ (M )) and thin µ (C δ (M )) are the µ-thick part and µ-thin part (see [11] for terminology). The µ-thin part thin µ (C δ (M )) consists of only cuspidal components and it is isomorphic to P × [0, ∞). We denote by P α and P β the components of P corresponding to the parabolic transformations α and β, respectively, i.e., P α (resp. P β ) is the component of P which is the image of a subsurface of an αinvariant (resp. β-invariant) horosphere. The pair (M 0 , P ) is also regarded as a relative compactification of the pair consisting of a non-cuspidal part of M and its boundary (see [5, Section 5] ).
We denote the pared orbifold M := (M 0 , P ) by M 0 (r; n), M 1 (r; m), or M 2 (r; m) according as it is described by the weighted graph in Figure 1 (2), (3), or (4) . We also denote the Kleinian Γ that uniformises the pared orbifold M by π 1 (M). (More generally, we use the symbol π 1 (·) to denote the orbifold fundamental group.) For r = q/p ∈ Q and n ∈ 1 2 N ≥3 , the Heckoid group G(r; n) is the Kleinian group that is defined as follows.
) if n = m/2 for some odd m ≥ 2 and if p is odd, π 1 (M 2 (r; m)) if n = m/2 for some odd m ≥ 2 and if p is even, wherer is defined from r = q/p by the following rule.
if p is odd and q is even,
For the background of this rather complicated definition, please see [31, 5] .
By [1, p.197 ] (cf. [5, Lemma 7.2]), any parabolic generating pair {α, β} of the Heckoid group G(r; n) consists of primitive elements. Since the parabolic locus P α ∼ = P β is an annular orbifold S 1 × I or D 2 (2, 2), this implies that α and β are freely homotopic to the unique (up to isotopy) essential simple loop in P α and P β , respectively. Thus they are freely homotopic to a meridional loop of the corresponding edge of Σ ∞ . Since G(r; n) is identified with a quotient of the usual fundamental group π 1 (|M 0 | − Σ 0 ), it follows that any parabolic generating pair is represented by a graph embedded in |M 0 | − Σ 0 consisting of two meridional loops of Σ ∞ and an arc joining them. It follows from the definition of Heckoid groups that the pairs of parabolic elements represented by the red graphs in Figure 1 (2)-(4) are generating pairs (see [30, Section 3] , [5, Proposition 3.3] ). Theorem 1.2(2) says that each Heckoid group G(r; n) admits a unique parabolic generating pair, and it is illustrated by Figure 1 (2), (3) or (4) according to the type of G(r; n).
In the special case where r ∈ Z, the Heckoid group G(r; n) with n = m 2 ∈ 1 2 N ≥3 is conjugate to G(0; n), and it is a Fuchsian group, which is essentially equal to the classical Hecke group H(m) ∼ = π 1 (S 2 (2, m, ∞)), generated by the following matrices ( [27] ): To be precise, G(r; n) ∼ = G(0; n) is conjugate to the subgroup of H(m), with n = m 2 , generated by {A m , QA m Q −1 }. Thus according to whether (a) n is an integer ≥ 2 or (b) a half-integer n = m/2 (m: odd ≥ 3), the Heckoid group G(0; n) is conjugate to (a) the index 2 subgroup of the Hecke group H(m) isomorphic to π 1 (S 2 (n, ∞, ∞)) or (b) the Hecke group H(m), with m = 2n. These follow from the following topological observation.
(1) For every r ∈ Z and n ∈ N ≥2 , we have M 0 (r; n) ∼ = M 0 (0; n) ∼ = S 2 (n, ∞, ∞)× I, and S 2 (n, ∞, ∞) is a double orbifold covering of S 2 (2, m, ∞) with m = 2n. (2) For every r ∈ Z and an odd integer m ∈ N ≥3 , we have M 1 (r; m) ∼ = M 1 (0; m) ∼ = S 2 (2, m, ∞) × I. In [28, Proposition 4.2] , Knapp completely determined when a given pair of noncommuting parabolic transformations of the hyperbolic plane generate a discrete group, by using Poincaré's theorem on fundamental polyhedra. In our terminology, it is described as follows, which particularly implies Theorem 1.2(2) for the special case where r ∈ Z. 
Inverting elliptic elements for the parabolic generating pairs
In this section, we recall Boileau's key suggestion [8] , and present its slight extension. His suggestion is to use the following well-known fact. Let Γ = α, β be a non-elementary Kleinian group generated by two parabolic transformations α and β, and M = H 3 /Γ the quotient hyperbolic 3-manifold or orbifold. Let η be the geodesic joining the parabolic fixed points of α and β, and let h be the π-rotation around η. Then we have
We call h the inverting elliptic element for the parabolic generating pair {α, β} of the Kleinian group Γ. If h / ∈ Γ, then h induces an isometric involution on M , whereas if h ∈ Γ, then M is an orbifold with non-empty singular set and the axis η projects to a 'geodesic' contained in the subset of the singular set consisting of even degree edges. (By a geodesic (arc) in a complete hyperbolic orbifold, we mean the image of a geodesic (arc) in the universal cover H 3 in the orbifold.)
We first treat the case where Γ is a hyperbolic 2-bridge link group. We prepare some terminologies. For a link K in S 3 , a tunnel for K is an arc, τ , in S 3 such that τ ∩K = ∂τ . We assume τ intersects a fixed regular neighbourhood N (K) of K in two arcs, each of which forms a radius of a meridian disc of N (K). Then the intersection of τ with the exterior E(K) = S 3 − int N (K) is an arc properly embedded in E(K). Thus, as described in the first paragraph of Section 2 (cf. [31, Section 2]), it determines a pair of meridians in the link group π 1 (E(K)), up to equivalence. We call it the meridian pair determined by the tunnel τ . Here two meridian pairs {m 1 , m 2 } and {m 1 , m 2 } of π 1 (E(K)) is said to be equivalent, if {m 1 , m 2 } is equal to {m 1 1 , m 2 2 } for some 1 , 2 ∈ {±1} up to simultaneous conjugation. A strong inversion of K is an orientation-preserving involution, which we often denote by the symbol h, of S 3 preserving K setwise such that the fixed point set Fix(h) is a circle intersecting each component of K in two points. Note that Fix(h) consists of 2µ tunnels, where µ is the number of components of K. Then the following proposition, which holds a key to the proof of Theorem 1.2(1), was suggested by Boileau [8] (cf. [29, Proposition 2.1]). (See [2, 7, 19] for interesting related results.) Proposition 3.1. Let K(r) be a hyperbolic 2-bridge link, and let {α, β} be a parabolic generating pair of the link group G(r). Then there is a strong inversion, h, of K(r) such that {α, β} is a meridian pair represented by a tunnel contained in Fix(h).
Proof. Though the proof is given in [29] , we recall the proof as a warm-up for the treatment of Heckoid groups. By definition, G(r) is a non-elementary Kleinian group generated by the parabolic transformations α and β. Let h be the inverting elliptic element for the parabolic generating pair {α, β} of G(r). Since h is an element of the normaliser of G(r) in Isom + (H 3 ) which does not belong to G(r) (recall that G(r) is torsion free), h descends to an orientation-preserving involution,
Since each component of ∂E(K(r)) corresponds to one of the parabolic loci P α and P β (which in turn follows from the fact that α and β generate H 1 (E(K(r))), it follows that the restriction ofh to each of the components of ∂E(K(r)) is a hyper-elliptic involution. Henceh extends to an involution of the pair (S 3 , K(r)), which we continue to denote byh. Thenh is a strong inversion of K(r), and Fix(h) contains the imageη of the axis η of the inverting elliptic element h. Thun, by [1, Theorem 4.3] , {α, β} is the meridian pair represented by the tunnel for K(r) that is obtained as the closure ofη in Fix(h). By denoting the strong inversionh by h, we obtain the desired result.
We next treat the case where Γ is a Heckoid group G(r; n). Let M = (M 0 , P ) be the corresponding Heckoid orbifold, and identify M 0 and P with a subspace of the quotient hyperbolic orbifold M = H 3 /Γ through the isomorphism (1) in the introduction. As is noted in the introduction (see [1, p.197 ], [5, Lemma 7.2]), any parabolic generating pair {α, β} of G(r; n) consists of primitive elements, and α and β are freely homotopic to the unique (up to isotopy) essential simple loops in the annular orbifolds P α and P β , respectively. Thus the equivalence class of {α, β} is uniquely determined by the proper geodesic arcη ∩ M 0 , whereη is the 'geodesic' in the orbifold M obtained as the image of the axis η of the inverting elliptic element h. (Note that if η intersects orthogonally the axis of an even order elliptic transformation in Γ, then the underlying space ofη has an endpoint in an even degree singular locus of the orbifold M .) If h / ∈ Γ, then it induces an isometric involution,h, on M , andη is contained in Fix(h). If h ∈ Γ thenη is a 'geodesic edge path' contained in the subset of the singular set of M consisting of even degree edges. Thus we have the following analogy of Proposition 3.1, which holds a key to the proof of Theorem 1.2 (2) . (1) If h / ∈ Γ, then it descends to an involution,h, of M , such thatη is contained in Fix(h).
(2) If h ∈ Γ, thenη ∩ M 0 is a geodesic edge path joining P α and P β , contained in the subset of the singular set of M 0 consisting of even degree edges.
Symmetries of 2-bridge links and all possible generating meridian pairs for 2-bridge link groups
Let K(r) with r = q/p (q ≡ ±1 (mod p)) be a hyperbolic 2-bridge link, and let τ + and τ − be the upper and lower tunnel for K(r) (see [5, Section 2] for an explicit definition). In this section, we describe all strong inversions of K(r), up to strong equivalence, and list all possible generating meridian pairs of the 2-bridge link group G(r) by using Proposition 3.1. Here two strong inversions of a link K are said to be strongly equivalent if they are conjugate by a homeomorphism of (S 3 , K) that is pairwise isotopic to the identity. To this end, we first describe the orientation-preserving isometry group Isom + (S 3 − K(r)) of the hyperbolic manifold S 3 − K(r).
Proposition 4.1. For a hyperbolic 2-bridge link K(r) with r = q/p (q ≡ ±1 (mod p)), the orientation-preserving isometry group Isom + (S 3 − K(r)) is given by the following formula.
if p is odd and q 2 ≡ 1 (mod p), or if p is even and
Here D 4 denotes the order 8 dihedral group, which is regarded as a semi-direct product of (Z 2 ) 2 and Z 2 . The subgroups (Z 2 ) 2 in the formula consist of those isometries which preserve both the upper tunnel τ + and the lower tunnel τ − setwise: the elements in Isom + (S 3 − K(r)) which are not contained in the characteristic subgroup (Z 2 ) 2 interchange τ + and τ − .
Proof. By the work of Epstein and Penner [18] , every cusped hyperbolic manifold M of finite volume admits a canonical decomposition into hyperbolic ideal polyhedra and the isometry group of M is isomorphic to the combinatorial automorphism group of the canonical decomposition. In [39] , a topological candidate, F, of the canonical decomposition of the cusped hyperbolic manifold S 3 − K(r) was constructed [39, Theorem II.2.5], and the combinatorial automorphism group Aut(F) of F was calculated [39, Theorem II.3.2]. (As is noted in [32] , there is an error in the proof of Theorem II.3.2, but this does not affect the conclusion of the theorem.) On the other hand, it was proved by Guéritaud [22] (cf. [6, 23] ) that F is combinatorially equivalent to the canonical decomposition. Hence Isom + (S 3 − K(r)) is isomorphic to the orientation-preserving subgroup Aut + (F) of Aut(F), which is described in
Remark 4.2. The action of Isom + (S 3 − K(r)) on S 3 − K(r) extends to an action on (S 3 , K(r)), and this fact implies that Isom + (S 3 − K(r)) is isomorphic to the orientation-preserving symmetry group, Sym + (S 3 , K(r)), the group of diffeomorphisms of the pair (S 3 , K(r)), up to pairwise isotopy, which preserves the orientation of S 3 . (In fact, it is observed by Riley [35, p.124 ] that this holds for all hyperbolic knots in S 3 .) We note that the symmetry groups of 2-bridge links had been already obtained, as described below. For 2-bridge knots, it is reported in [21] that Conway calculated the outer-automorphism groups of their knot groups, which is isomorphic to the full symmetry groups of the knots. Bonahon and Siebenmann [14] calculated the full symmetry group of every 2-bridge link, by using the uniqueness of 2-bridge decompositions up to isotopy established by Schubert [40] . Another calculation is given by [ We now visualise the action of Isom + (S 3 −K(r)) ∼ = Sym + (S 3 , K(r)) on (S 3 , K(r)) and classify the strong inversions of K(r), up to strong equivalence, generalising and refining the result for the knot case given by [37, Proposition 3.6] . To this end, note that, by virtue of Schubert's classification of 2-bridge links (cf. [15, Chapter 12] ), we may assume that the slope r = q/p of the hyperbolic 2-bridge link K(r) satisfies the inequality 0 < q ≤ p/2 and the condition that one of p and q is even. The following lemma is well-known and can be proved by an argument similar to that in [26, Lemma 2] . Lemma 4.3. Let p and q be relatively prime integers such that 0 < q ≤ p/2 and that one of p and q is even. Then r = q/p has a unique continued fraction expansion
The length n is even or odd according to whether p is odd or even, i.e., K(r) is a knot or a two-component link. Moreover the following hold. Figure 2 . The action of the characteristic subgroup (Z 2 ) 2 < Sym + (S 3 , K(r)) for the knot case (1) and for the two component link case (2) . In both cases, f is the π-rotation about the axis which intersects the projection plane perpendicularly at the central point (the intersection of the axes of h and f h).
(1) Suppose p is odd, i.e., n is even. Then
By using Lemma 4.3, we see that every 2-bridge link K(r) admits a (Z 2 ) 2 -action generated by the two involutions f and h illustrated in Figure 2 (1) or (2) according to whether K(r) is a knot or a 2-component link. If K(r) is hyperbolic, then the (Z 2 ) 2 -action projects faithfully onto the characteristic subgroup (Z 2 ) 2 of Sym + (S 3 , K(r)) ∼ = Isom + (S 3 − K(r)). (This can be seen either by appealing to the result of Borel (see [16] ) that a finite group action on an aspherical manifold M with centerless fundamental group projects injectively into Out(π 1 (M )), or by looking at the action on the canonical decomposition F of S 3 − K(r).) Moreover, any two such (Z 2 ) 2 -actions on (S 3 , K(r)) are conjugate to each other, because (a) the restriction of any such (Z 2 ) 2 -action to E(K(r)) is conjugate to the restriction of the action of the characteristic subgroup (Z 2 ) 2 < Isom + (S 3 − K(r)) by virtue of the orbifold theorem, and because (b) the restriction of any such (Z 2 ) 2 -action to N (K(r)) is determined by its restriction to ∂N (K(r)) = ∂E(K(r)). Thus we obtain the following classification of the strong inversions of K(r), up to strong equivalence, whose image in Sym + (S 3 , K(r)) is contained in the characteristic subgroup (Z 2 ) 2 .
(1) Suppose K(r) is a hyperbolic 2-bridge knot. Then the involutions h + := h and h − := f h in Figure 2 (1) are the only strong inversions of K(r) which projects to an element of the characteristic subgroup (Z 2 ) 2 < Sym + (S 3 , K(r)). Fix(h + ) consists of two tunnels, one of which is the upper tunnel τ + . We denote the other tunnel by τ c + , and call the meridian pair of π 1 (E(K(r))) ∼ = G(r) represented by τ c + the long upper meridian pair of G(r). The tunnel τ c − and the long lower meridian pair of G(r) are defined similarly.
(2) Suppose K(r) is a two-component hyperbolic 2-bridge link. Then the involution h illustrated in Figure 2 (2) is the unique strong inversion of K(r) which projects to an element of the characteristic subgroup (Z 2 ) 2 < Sym + (S 3 , K(r)). Figure  2 (2), because the two additional tunnels are mapped to each other by f .
If q 2 ≡ 1 (mod p), then Isom + (S 3 − K(r)) ∼ = (Z 2 ) 2 by Proposition 4.1, and so the above (Z 2 ) 2 -action projects faithfully onto the full group Isom + (S 3 − K(r)). Thus the list of strong inversions of K(r) in the above give all strong inversions of K(r). Hence, by Proposition 3.1, the lists of meridian pairs in the above give all possible parabolic generating pairs of G(r).
If q 2 ≡ 1 (mod p), then Isom + (S 3 − K(r)) is a Z 2 -extension of the characteristic subgroup (Z 2 ) 2 , and (S 3 , K(r)) admits extra symmetries, which interchange τ + and τ − .
(1) Suppose K(r) is a hyperbolic 2-bridge knot (i.e., p is odd) and q 2 ≡ 1 (mod p). Then n is even and b i = −b n+1−i (1 ≤ i ≤ n) by Lemma 4.3 (1) . Thus (S 3 , K(r)) admits an extra symmetry g illustrated in Figure  3 (1). Note that g and h defined in the caption generate the oder 8 dihedral group D 4 = g, h | g 4 , h 2 , hgh −1 = g −1 which acts faithfully on (S 3 , K(r)).
As in the preceding arguments, we see that the D 4 -action projects faithfully onto the whole group Sym + (S 3 , K(r)) and that any such D 4 -action on Sym + (S 3 , K(r)) is conjugate to the D 4 -action in Figure 3 and q 2 ≡ 1 (mod 2p). Then n is odd and b i = b n+1−i (1 ≤ i ≤ n) by Lemma 4.3 (2) . Thus (S 3 , K(r)) admits a (Z 2 ) 3 -action generated by three involutions f , h and g, as shown in Figure 3 (2a) and (2b) according to whether b n/2 is odd or even. Then h := gh or h := g is a strong inversion (1) p : odd, q 2 ≡ 1 (mod p). Then Sym + (S 3 , K(r)) ∼ = g, h | g 4 , h 2 , (gh) 2 , where g = (π/2-rotation about κ) • (π-rotation about ξ), h = (π-rotation around η), and gh = (π-rotation around ζ). In this case, g i h (i = 1, 3) are the extra strong inversions. (2a) p : even, q 2 ≡ 1 (mod 2p), b n/2 : odd. In this case, gh is the extra strong inversion. (2b) p : even, q 2 ≡ 1 (mod 2p), b n/2 : even. In this case, g is the extra strong inversion. (3) p: even, q 2 ≡ p + 1 (mod 2p). In this case, there are no extra strong inversions. (3) Suppose K(r) has two components and q 2 ≡ p + 1 (mod 2p). In this case, it is not easy to draw a link diagram in which one can see the whole symmetry.
(A simple conceptual way to understand the whole symmetry is to use the decomposition of (S 3 , K(r)) into two rational tangles, as described in Section 6). However, it is easy to visualise a single additional symmetry, as describe below. By [39, Lemma II.3.3] (cf. Lemma 6.2(1) in Section 6), the continued fraction expansion of r = q/p consisting of positive integers is symmetric, and (S 3 , K(r)) admits an extra symmetry g which interchanges τ + and τ − , as shown in Figure 3 (3). The extra involution g preserves each of the two components of K(r), acts on one component preserving orientation and on the other component reversing orientation. Since Sym + (S 3 , K(r)) ∼ = D 4 is generated by the characteristic subgroup (Z 2 ) 2 and the extra element g, we see that K(r) does not have an extra strong inversion.
By the above arguments, we obtain the following propositions (cf. [31, Corollary 2.2]). At the end of this section, we prove the following proposition, which, together with the above, completes the proof of Theorem 1.2(1). 4) ], which implies that τ + and τ − are not properly homotopic. (Though it is only claimed that they are not isotopic, the proof actually shows that they are not properly homotopic.)
Long upper/lower meridian pairs and intermediate peridian pairs
For a link K in S 3 , let M (K) be the double branched covering of S 3 branched over K. Then its fundamental group is intimately related with the π-orbifold group O(K) of K, which is defined as the quotient of the link group π 1 (E(K)) by the normal closure of the squares of meridians (see [13] ). In fact, O(K) is the semidirect product π 1 (M (K)) Z 2 , where the action of Z 2 on π 1 (M (K)) is given by the action of the covering transformation group. If K is a 2-bridge link K(r) with r = q/p, then O(r) := O(K(r)) is isomorphic to the semidirect product π 1 (M (K(r))) Z 2 ∼ = H 1 (M (K(r)))
where D p is the dihedral group of order 2p.
For a meridian pair {m 1 , m 2 } in π 1 (E(K)), let ω(m 1 , m 2 ) be the element of O(K) represented by the product m 1 m 2 ∈ π 1 (E(K)). The following simple observation is a key tool for the proof of Theorem 1.2(1).
Lemma 5.1. (1) The element ω(m 1 , m 2 ) ∈ O(K), up to inversion and conjugation, is uniquely determined by the equivalence class of {m 1 , m 2 }. Namely, if two meridian pairs {m 1 , m 2 } and {m 1 , m 2 } of π 1 (E(K)) are equivalent, then ω(m 1 , m 2 ) is conjugate to ω(m 1 , m 2 ) or its inverse in O(K).
(2) If {m 1 , m 2 } is a generating meridian pair of a 2-bridge link group G(r) with r = q/p, then ω(m 1 , m 2 ) is a generator of the the index 2 subgroup H 1 (M (K(r) 
Proof. (1) follows from the fact that m 2 1 = m 2 2 = 1 in O(K) and the definition of the equivalence of meridian pairs.
(2) Suppose that {m 1 , m 2 } is a generating meridian pair of a 2-bridge link group G(r) with r = q/p. Then there is an epimorphism from the infinite dihedral group D ∞ = m 1 , m 2 | m 2 1 , m 2 2 generated by the symbols m 1 and m 2 onto O(r) ∼ = D p which maps the elements m 1 and m 2 of D ∞ to the (images of the) meridians m 1 and m 2 in O(r), respectively. Since D ∞ is isomorphic to the semi-direct product Then ω(m 1 , m 2 ) = 0 in H 1 (M (K(r))) ∼ = Z p . In particular, if K(r) is a nontrivial knot (i.e. p ≥ 3), then ω(m 1 , m 2 ) is not a generator of H 1 (M (K(r))).
(2) Let K(r) with r = q/p (p even) be a nontrivial 2-component 2-bridge link, and let {m 1 , m 2 } be an intermediate meridian pair of the link group G(r). Then 2ω(m 1 , m 2 ) = 0 in H 1 (M (K(r))) ∼ = Z p . In particular, if K(r) is not a Hopf link (i.e. p ≥ 4), then ω(m 1 , m 2 ) is not a generator of H 1 (M (K(r) )).
Proof. (1) We prove the assertion for the long lower meridian pair. (The assertion for the long upper meridian pair is a consequence of this, because there is an isomorphism G(q/p) ∼ = G(q /p), where≡ 1 (mod p), which maps the long upper meridian pair of G(q/p) to the long lower meridian pair of G(q /p) (cf. [5, Proposition 2.1])). Recall that the long lower meridian pair {m 1 , m 2 } is represented by the tunnel τ c − ⊂ Fix(h − ). Then τ c − is properly embedded in the checker-board surface, F , illustrated in Figure 4 (1), associated with the link diagram in Figure 2 (2) We prove the assertion for the intermediate meridian pair {m 1 , m 2 } represented by the tunnel τ L ⊂ Fix(h). (The assertion for that represented by τ R is a consequence of this by Proposition 4.5 (1) .) Observe that the checkerboard surface, F , for K(r) in Figure 4 (2) contains τ L ∪τ R as a separating arc system. Observe also that the involution f of (S 3 , K(r)) introduced in Figure 2 (2) preserves the surface F and interchanges τ L and τ R . Let M F and σ be as in the proof of (1), and recall that the double branched covering M 2 (K(r)) is obtained by gluing two copies M F induced by the involution σ on ∂M F . Now, letτ L andτ R be the simple loops in ∂M F obtained as the inverse image of the arcs τ L and τ R in F , respectively, under the projection ∂M F → ∂M F /σ = F (i = 1, 2). As in (1), the element ω(m 1 , m 2 ) ∈ H 1 (M (K(r))) < O(r) is represented by the simple loopτ L ⊂ ∂M F ∼ = ∂M (0) F ⊂ M 2 (K(r)) with a suitable orientation. We endowτ L with this orientation. Now letf be the orientation-preserving involution on M F induced by the involution f . Thenτ R =f (τ L ), and we orientτ R as the image byf of the oriented loopτ L . On the other hand, since τ L ∪ τ R is a separating arc system in F ,τ L ∪τ R is a separating loop system in ∂M F (where we forget the orientation), andf interchanges the two components of ∂M F − (τ L ∪τ R ). Since (the restriction to ∂M F of) f is orientation-preserving, this implies that the cycleτ
Letf be the lift of f to M 2 (K(r)) = M (0)
F that is obtained by gluing the copies of the involutionf on M (i) F (i = 1, 2). Note that the double branched covering M (K(r)) is the union of two solid tori, whose cores are the circles,τ + and τ − , obtained as the inverse images of the upper tunnel τ + and the lower tunnel τ − , respectively (cf. the second paragraph of Section 6). Since Fix(f ) intersects τ ± transversely in a single point and since τ ± ⊂ M F , we see that Fix(f ) intersects each of the core circleτ ± in two points, and sof acts on the circlesτ ± as an orientationreversing involution. Since each of [τ ± ] is a generator of H 1 (M (K(r) )), this implies thatf * acts on H 1 (M (K(r) )) as multiplication by −1. Hence, we have
Thus we have 2ω(m 1 , m 2 ) = 2[τ L ] = 0 in H 1 (M (K(r) )), as desired.
Extra meridian pairs
In this section, we prove the following proposition, which, together with Lemma 5.1, implies that the extra meridian pairs are not generating pairs of hyperbolic 2-bridge link groups. Proposition 6.1. Let {m 1 , m 2 } be an extra meridian pair of a hyperbolic 2-bridge link group G(r). Then ω(m 1 , m 2 ) ∈ H 1 (M (K(r))) is not a generator of H 1 (M (K(r))).
To this end, we regard (S 3 , K(r)) as the union of two rational tangles (B 3 , t(∞)) and (B 3 , t(r)) of slopes ∞ and r, as in [5, Section 2] . Here the common boundary ∂(B 3 , t(∞)) = ∂(B 3 , t(r)) is identified with the Conway sphere (S 2 , P 0 ) := (R 2 , Z 2 )/J , where J is the group of isometries of the Euclidean plane R 2 generated by the π-rotations around the points in the lattice Z 2 . For each rational number s ∈Q := Q ∪ {∞}, a line of slope s in R 2 − Z 2 projects to an essential simple loop, denoted by α s , in the 4-times punctured sphereŠ 2 := S 2 − P 0 . Similarly, a line of slope s in R 2 passing through a point Z 2 determines an essential simple proper arc inŠ 2 . For each s, there are exactly two essential simple proper arcs inŠ 2 obtained in this way, and the union of the two arcs is denoted by δ s . The rational number s is called the slope of α s and δ s . By the definition of the rational tangles, the loops α ∞ and α r bound discs in B 3 − t(∞) and B 3 − t(r), respectively. The double branched covering M (K(r)) of (S 3 , K(r)) is the union of the solid tori V ∞ and V r that are obtained as the double branched coverings of (B 3 , t(∞)) and (B 3 , t(r)), respectively. Letα 0 andα ∞ be lifts in ∂V ∞ of the simple loops α 0 and α ∞ , respectively. (Here a lift means a connected component of the inverse image.) Thenα 0 andα ∞ form the meridian and the longitude of V ∞ . Similarly a liftα r of α r in ∂V r is a meridian of V r . Thus the loopsα ∞ andα r represent the trivial elements of H 1 (V ∞ ) and
Now recall the following well-known facts (cf. [39, Lemma II.3.3] ). Lemma 6.2. For a rational number r = q/p with 0 < q ≤ p/2, consider the continued fraction expansion r = [a 1 , a 2 , · · · , a n ] into positive integers a i such that a 1 ≥ 2 and a n ≥ 2. Then the following hold.
(1) The following conditions are equivalent. (a) p is even and q 2 ≡ 1 (mod 2p).
(b) n is odd, a (n+1)/2 is even, and (a 1 , · · · a n ) is symmetric. (2) The following conditions are equivalent.
(a) Either (i) p is odd and q 2 ≡ 1 (mod p), or (ii) p is even and q 2 ≡ p + 1 (mod 2p) (b) n is odd, a (n+1)/2 is odd, and (a 1 , · · · a n ) is symmetric.
The symmetry of the continued fraction expansion in the above lemma is realised by the symmetry of the Farey tessellation, D, as illustrated by Figure 5 . Recall that the Farey tessellation is the tessellation of the upper half space H 2 by ideal triangles that are obtained from the ideal triangle with the ideal vertices 0, 1, ∞ ∈ Q by repeated reflection in the edges. ThenQ is identified with the set of the vertices of D. 1 (mod p) . Then, by Lemma 6.2, there is an orientationreversing involution of the Farey tessellation which interchanges ∞ with r (see Figure 5 ). Let R be one of the two matrices in GL(2, Z) that realises the involution. Then the linear action of R on R 2 is orientation-reversing and interchanges the 1-dimensional vector subspace of slope ∞ with that of slope r. Since R normalizes the subgroup J in the affine transformation group of R 2 , it descends to an orientation-reversing involution on (S 2 , P 0 ) which swaps δ ∞ with δ r and α ∞ with α r . Hence R induces an orientation-preserving involution, g R , of (S 3 , K(r)) which interchanges (B 3 , t(∞)) with (B 3 , t(r)). This gives one of the extra symmetries of (S 3 , K(r)) described in Section 4. We note that the generators f and h of the (Z 2 ) 2action on (S 3 , K(r)) of the characteristic subgroup come from the π-rotations of R 2 about the point (1/2, 0) and (0, 1/2), respectively. The extra symmetry g R and the (Z 2 ) 2 -action generate a finite group action on (S 3 , K(r)) which gives a realisation of Sym + (S 3 , K(r)).
Case 1. Suppose that the mutually equivalent conditions in Lemma 6.2(1) hold, namely, n = 2n 0 + 1 is odd, a n 0 +1 = 2a n 0 +1 is even, and (a 1 , · · · a n ) is symmetric. Then the reflection on D in the Farey edge, spanned by the vertices s 1 = q 1 /p 1 and s 2 = q 2 /p 2 in Figure 5 (1), interchanges ∞ and r. Thus the matrix ±R is the conjugate of the matrix R 0 = 1 0 0 −1 , which induces the reflection on D in the Farey edge spanned by 0/1 and 1/0, by the the matrix A = p 1 p 2 q 1 q 2 , which maps the vectors 1 0 and 0 1 to the vectors p 1 q 1 and p 2 q 2 , respectively. Hence we have
Thus
Hence we have p = 2p 1 p 2 .
Observe that the involution on (S 2 , P 0 ) induced by R 0 is the reflection in the circle that is the union of the four arcs in δ 0/1 and δ 1/0 . Hence the restriction of the extra involution g R to (S 2 , P 0 ) is the the reflection in the circle that is the union the four arcs in δ q 1 /p 1 and δ q 2 /p 2 . This confirms that g R is a strong inversion of the 2-component link K(r), and the four extra meridian pairs that arise from the strong inversion g R are represented by the four arcs in δ q 1 /p 1 and δ q 2 /p 2 , respectively (cf. Figure 3(2a), (2b) ). Let {m 1 , m 2 } be one of the four extra meridian pairs. Then it is represented by an arc onŠ 2 of slope q i /p i for i = 1 or 2. This implies that the element ω(m 1 , m 2 ) ∈ H 1 (M (K(r))) < O(r) is represented the simple loop α q i /p i for i = 1 or 2. Hence we have
If K(r) is hyperbolic, then q ≡ ±1 (mod p) and so we can see that 1 < p i < p = 2p 1 p 2 (see Figure 5 (1)). So, ω(m 1 , m 2 ) is not a generator of H 1 (M (K(r))).
Hence, none of the extra meridian pairs is a generating pair of G(r). This completes the proof of Proposition 6.1 for the case where the condition (1) in Lemma 6.2 is satisfied.
Case 2. Suppose that the mutually equivalent conditions in Lemma 6.2(2) hold, namely, n = 2n 0 + 1 is odd, a n 0 +1 = 2a n 0 +1 + 1 is odd, and (a 1 , · · · a n ) is symmetric. Then the reflection on D in the geodesic, joining the vertices s 1 = q 1 /p 1 and s 2 = q 2 /p 2 in Figure 5 (2), interchanges ∞ and r. Thus the matrix ±R realising the symmetry is conjugate to the matrix R 0 = 0 1 1 0 , which induces the reflection on D in the geodesic joining the vertices 1/1 and −1/1, by the matrix A that maps the vectors 1 1 and 1 −1 to the vectors p 1 q 1 and p 2 q 2 , respectively. The matrix A is given by
and hence we have
.
Hence we have p = p 1 p 2 .
Observe that the involution on (S 2 , P 0 ) induced by R 0 is the reflection in the circle that is the union of an arc of slope 1/1 and and arc of slope −1/1. Hence the restriction of the extra involution g R to (S 2 , P 0 ) is the the reflection in the circle that is the union of an arc of slope q 1 /p 1 and an arc of slope q 2 /p 2 . Hence Fix(g R ) is a circle which intersects K(r) in two points. This confirms that g R is a strong inversion if and only if K(r) is a knot (cf. Figures 3(1) and (3) ). So, we assume K(r) is a knot. Then the two extra meridian pairs that arise from the strong inversion g R are represented by an arc of slope q 1 /p 1 and an arc of slope q 2 /p 2 , respectively.
If an extra meridian pair {m 1 , m 2 } corresponds to an arc of slope q i /p i , then the element ω(m 1 , m 2 ) ∈ H 1 (M (K(r))) < O(r) is represented the simple loop α q i /p i .
We can observe that if K(r) is hyperbolic then 1 < p i < p 1 p 2 (see Figure 5 (2)). So ω(m 1 , m 2 ) is not a generator of H 1 (M (K(r) ). This completes the proof of Proposition 6.1 for the case where the condition (2) in Lemma 6.2 is satisfied.
Thus we have proved that all possible parabolic generating pairs listed in Propositions 4.4 and 4.5, except for the upper/lower meridian pairs, are not generating pairs. This completes the proof of Theorem 1.2(1).
Parabolic generating pairs of Heckoid groups
In this section, we prove Theorem 1.2(2) which asserts that every Heckoid group has a unique parabolic generating pair up to equivalence.
We first give an explicit description of the weighted graph in Figure 1 (1) For r ∈ Q and for an integer n ≥ 2, M 0 (r; n) denotes the orbifold pair determined by the weighted graph (S 3 , K(r) ∪ τ − , w 0 ), where w 0 is given w 0 (K(r)) = ∞, w 0 (τ − ) = n.
(2) For r = q/p ∈ Q with p odd and an odd integer m ≥ 3, M 1 (r; m) denotes the orbifold pair determined by the weighted graph (S 3 , K(r) ∪ τ − , w 1 ), where w 1 is given by the following rule. Let J 1 and J 2 be the edges of the graph K(r) ∪ τ − distinct from τ − . Then
(3) For r ∈ Q and an odd integer m ≥ 3, M 2 (r; m) denotes the orbifold pair determined by the weighted graph (S 3 , K(r) ∪ τ + ∪ τ − , w 2 ), where w 2 is given by the following rule. Let J 1 and J 2 be unions of two mutually disjoint edges of the graph K(r) ∪ τ + ∪ τ − distinct from τ ± , such that both J 1 and J 2 are preserved by the 'vertical involution' f of K(r). Then
In Definition 7.1(3), the vertical involution of (S 3 , K(r)) is an involution of (S 3 , K(r)) which preserves both (B 3 , t(∞)) and (B 3 , t(r)) and whose restriction to the common boundary (S 2 , P 0 ) is given by the π-rotation of R 2 about the point (1/2, 0) (see [5, Figure 4] ).
We first calculate the orientation-preserving isometry group of the Heckoid orbifolds. To this end, we recall the spherical dihedral orbifold O(r; d + , d − ) introduced in [5, Theorem 4.1], that is represented by a weighted graph (S 3 , K(r) ∪ τ + ∪ τ − , w), where d + and d − are mutually prime positive integers d + and d − , and w is given by the rule.
w(K(r)) = 2, w(τ + ) = d + , w(τ − ) = d − . Figure 6 . The inverting elliptic element for any generating pair induces the involution h of M 0 (r; n) in the figure. According to whether p is odd (1) or even (2), Fix(h) contains two or one geodesic paths joining the parabolic locus P to itself.
{α, β} is equivalent to the standard parabolic generating pair in Figure 1 (2). We show thatη cannot be τ c + . Suppose on the contrary thatη = τ c + . Then the natural epimorphism from π 1 (M 0 (r; n)) onto the 2-bridge knot group G(r) maps the pair {α, β} to the long upper meridian pair of G(r). Since p ≥ 3, the long upper meridian pair of G(r) is not a generating pair by Lemma 5.1 and Proposition 5.2(1). This contradicts the assumption that {α, β} is a generating pair of π 1 (M 0 (r; n)). Hence, π 1 (M 0 (q/p; n)) with p odd has a unique parabolic generating pair. Subcase 1.2. p is even. Then we can see from Figure 6 (2) that τ + is the unique geodesic path contained in Fix(h) of the involution h in Figure 6 (2) which joins the parabolic locus P to itself. Hence the pair {α, β} is represented by τ + , and so it is equivalent to the standard parabolic generating pair in Figure 1 (2). Hence, π 1 (M 0 (q/p; n)) with p even has a unique parabolic generating pair. Case 2. M = M 1 (r; m) with r = q/p (p: odd) and m ≥ 3 odd. Then the singular set of M contains a unique edge of even index (actually 2) and it joins the two components of cl(∂M 0 − P ). Hence the inverting elliptic element h does not belong to Γ, and so it descends to an isometric involution of M, which we continue to denote by h. The involution h generates Isom + (M) ∼ = Z 2 and it is as illustrated Figure 7 . Observe that Fix(h) of the involution h in Figure 7 contains two geodesic paths which joins the parabolic locus P to itself, namely τ + and τ c + . Ifη = τ + , then {α, β} is equivalent to the standard parabolic generating pair in Figure 1(3) . We show thatη cannot be τ c + . Suppose on the contrary thatη = τ c + . Note that the natural epimorphism from π 1 (M 1 (r; m) ) onto the π-orbifold group Figure 8 (1) or (2) according to whether p is odd or even. Thus the fixed point set of the unique orientaion-preserving involution of M 2 (r; m) does not contain a geodesic path connecting the parabolic locus P to itself, and so the inverting elliptic element h must belong to the Heckoid group π 1 (M 2 (r; m)). Since m is odd,η must be the upper tunnel τ + . Hence the pair {α, β} is equivalent to the standard parabolic generating pair in Figure 1(4) . Thus π 1 (M 2 (r; m)) has a unique parabolic generating pair.
Application to epimorphisms between 2-bridge knot groups
In [34] , Ohtsuki, Riley, and Sakuma gave a systematic construction of epimorphisms between 2-bridge link groups. In this section, we show that all epimorporphisms between 2-bridge knot groups essentially arise from their construction.
We first recall the result of [34] . Let Γ r be the group of automorphisms of the Farey tessellation D generated by reflections in the Farey edges with an endpoint r. It should be noted that Γ r is isomorphic to the infinite dihedral group and the region bounded by two adjacent Farey edges with an endpoint r is a fundamental Figure 8 . M 2 (r; m) admits a unique orientation-preserving isometric involution. Its fixed point set is disjoint from the parabolic locus P . Hence the inverting elliptic element h must be contained in π 1 (M 2 (r; m)).
domain for the action of Γ r on H 2 . LetΓ r be the group generated by Γ r and Γ ∞ . When r ∈ Q − Z,Γ r is equal to the free product Γ r * Γ ∞ , having a fundamental domain shown in Figure 9 . (Otherwise,Γ r is equal to Γ ∞ or the group generated by the reflections in all Farey edges according to whether r = ∞ or r ∈ Z.) It should be noted that Schubert's classification theorem of 2-bridge links says that two 2-bridge links K(r) and K(r ) are equivalent if and only if there is an automorphism of D which sends {∞, r} to {∞, r }. Thus the conjugacy class of the groupΓ r in the automorphism group of D is uniquely determined by the link K(r).
Then the following result follows from [34, Theorem 1.1] and the well-known fact that there is a upper-meridian-preserving isomorphism G(r) ∼ = G(r + 1) for any r ∈Q (cf. [5, Proposition 2.1(1.a)]).
(A) There is an epimorphism from a 2-bridge link group G(r) to a 2-bridge link group G(r), ifr orr + 1 belongs to theΓ r -orbit of r or ∞. Moreover, the epimorphism is upper-meridian-pair-preserving, namely, it sends the upper meridian pair of G(r) to that of G(r). Lee and Sakuma proved the following converse to the above result ([29, Theorem 2.4]), by solving a certain word problem for the 2-bridge link groups, using the small cancellation theory.
(B) There is an upper-meridian-pair-preserving epimorphism from a 2-bridge link group G(r) to a 2-bridge link group G(r) if and only ifr orr + 1 belongs to theΓ r -orbit of r or ∞. On the other hand, it was proved by Boileau, Boyer, Reid, and Wang that any epimorphism from a hyperbolic 2-bridge knot group G(r) onto a non-trivial knot group G(K) is induced by a non-zero degree map S 3 − K(r) → S 3 − K and that K is necessarily a two-bridge knot ([9, Corollary 1.3]). This in particular implies the following.
(C) Any epimorphism from a hyperbolic 2-bridge knot group G(r) to a nontrivial 2-bridge knot group G(r) maps the upper meridian pair of G(r) to a pair consisting of peripheral elements. In particular, if G(r) is also a hyperbolic 2-bridge knot group, then the image in G(r) of the upper meridian pair of G(r) is a parabolic generating pair of G(r). Furthermore, Gonzaléz-Acũna and Ramínez [20, Theorem 1.2] completely determined the 2-bridge knot groups that have epimorphisms onto a (2, p) torus knot group G(1/p). Their result can be reformulated as follows.
(D) There is an epimorphism from a 2-bridge knot group G(r) to a (2, p) torus knot group G(r) with r = 1/p (p > 1 odd) if and only ifr orr + 1 belongs to theΓ r -orbit of r = 1/p or ∞. By using the above results (A)∼(D) and Theorem 1.2(1), we obtain the following complete characterization of epimorphisms between 2-bridge knot groups. Theorem 8.1. There is an epimorphism from a 2-bridge knot group G(r) to a 2bridge knot group G(r) with r = q/p, if and only if one of the following conditions holds.
(1)r orr + 1 belongs to theΓ r -orbit of r or ∞.
(2)r orr + 1 belongs to theΓ r -orbit of r or ∞, where r = q /p with≡ 1 (mod p).
Proof. Recall the well-known fact that if r and r are as in (2) So we prove the only if part. If K(r) is a trivial knot, then everyr satisfies the condition (1) or (2) , and so the result holds trivially. If K(r) is a nontrivial torus knot, then it is nothing other than the result (D). So we may assume K(r) is a hyperbolic knot. Let ϕ : G(r) → G(r) be an epimorphism and {α,β} the upper meridian pair of G(r). Set {α, β} := {ϕ(α), ϕ(β)}. Then, by the result (C), {α, β} is a parabolic generating pair of G(r). Thus, by Theorem 1.2(1), it is equivalent to the upper or lower meridian pair of G(r). If {α, β} is equivalent to a uppermeridian pair, then the result (B) implies that the condition (1) holds. If {α, β} is equivalent to a lower meridian pair of G(r), its image in G(r ) by the isomorphism G(r) → G(r ), described at the beginning of the proof, is the upper meridian pair of G(r ). Thus the composition G(r) → G(r) ∼ = G(r ) is an upper-meridian-pairpreserving epimorphism. Hence the result (B) implies thatr satisfies the condition (2) . This completes the proof of Theorem 8.1.
